We present a quantum theoretical analysis of triple photons generated by a phase-matched third-order nonlinear process in a KTP crystal in a weak-interaction regime. We show that the quantum properties of the triple photons can be brought to light through optical second-and third-order sum frequency generation processes.
I. INTRODUCTION
During the last 40 years, fascinating achievements have been accomplished in quantum optics in which twin photons have played an important part. They are indeed at the heart of squeezed states of light, two-body quantum correlations and quantum entanglement. Twin photons have also been essential for quantum information allowing quantum cryptography or quantum-state swapping [1] . Twin photons are obtained in a nonlinear second-order optical process where a pump photon is converted in a χ (2) crystal into pairs of photons exhibiting nonclassical properties. Three-photon states are not only Greenberger-Horne-Zeilinger states [2] but are at a time new quantum states of light, powerful quantum tools to study the nonintuitive properties of quantum mechanics, and new tools to manipulate quantum information. Presently, three-photon states are generated through the manipulation of twin photons [3] [4] [5] . However, the most straightforward way to produce them is the triple photon generation (TPG) process that is nowadays a challenge as exciting as was the first observation of twin photons in the early 1970s. TPG is based on a nonlinear third-order optical interaction where a pump photon with energyhω p splits into three highly correlated photons with respective energieshω 1 ,hω 2 , and hω 3 . Despite its similarity with twin-photon generation, TPG has not yet been observed because of the weakness of the third-order susceptibility χ (3) of the present known material. However, in 2004 using a phase-matched KTP crystal, we succeeded in observing TPG by stimulating the process with electromagnetic fields oscillating at the circular frequencies ω 2 and ω 3 present at the input of the nonlinear crystal, along with the pump field at ω p [6] . Thus an electromagnetic field oscillating at ω 1 emerging from the crystal was a clear signature of the generation of triple photons. Despite this encouraging result, spontaneous TPG, corresponding to the third-order parametric fluorescence, has not yet been reported due to the weakness of the conversion and the fact that this process has an extremely large bandwidth, as triple photons can have wavelengths in the KTP ranging from 0.9 μm to ∼4.4 μm, the only limitation being the KTP infrared absorption. Consequently, the probability of emitting a triplet per unit wavelength bandwidth is rather small to be detected. In the case * Corresponding author: benoit.boulanger@grenoble.cnrs.fr of the stimulated TPG process, the strong electromagnetic field at ω 1 indicates that ∼ 10 13 triple photons are generated. It is then possible to manipulate these photons and to study their nonclassical properties.
In this paper, we give a quantum analysis of the spontaneous and stimulated TPG process in the weak-interaction approximation corresponding to the observations of Ref. [6] . Inspired by the pioneering work of Abram et al. [7] on the analysis of the twin-photon coherence by observing the sum-frequency generation of the two photons in a nonlinear crystal, we develop a similar study on triple photons. In the case of TPG, two possibilities are suggested: third-order sum frequency of the triple photons or second-order sum frequency of any combination of two among the three photons. In Sec. II we set the formalism that is going to be used in order to describe the TPG process quantum mechanically. Section III is devoted to the quantum analysis of third-order and second-order sum-frequency generations of triple photons in the ideal case of spontaneous TPG or in the doubly stimulated case. Finally, in Sec. IV, we apply our formalism to TPG in the KTP crystal and to second-and third-order sum-frequency generation in KNbO 3 and KTP crystals.
II. TRIPLE-PHOTON GENERATION

A. General equations of motion
We considered the formalism adopted by Dayan [8] and Hüttner et al. [9] in the case of twin-photon generation. The quantized electromagnetic field operator is written in the continuous-variable model as a sum of its space-dependent mode operatorsâ(ω,z). Such temporal modes are more suited to the case of a propagation than their Fourier-transform modeŝ a(k,t) because unlike the time-dependent modes, they are independent on the index dispersion of the medium in which propagation takes place. The temporal periodicity required in the quantization is taken to infinity, as much longer than any relevant time of the system, dealing with continuous as well as pulsed fields. Assuming a single polarization and the slowly varying amplitude approximation, the quantum field operator can be written aŝ
where S is the beam area, ε 0 is the vacuum permittivity, n(ω) is the refractive index, andâ(ω,z) is the annihilation operator associated with the optical mode defined by its circular frequency ω and its wave vector k along the z direction. The fields evolution can be described by the space momentum evolution operatorĜ(z), which represents the full momentum of the field going through the z plane [8, 9] . This momentum operator is more relevant than the Hamiltonian in a nonlinear medium. Indeed, the space dependence of the fields changes due to the contribution of the nonlinear polarization to the electric displacement field, which is reflected by the momentum operator but not by the Hamiltonian. We first determine this nonlinear operator associated with the generation of the triplets, where a pump photon with energȳ hω p is down converted into a triple photon with energieshω 1 , hω 2 , andh(ω p − ω 1 − ω 2 ). The nonlinear momentum operator induced by the third-order nonlinear polarization is given bŷ
with
andâ i (ω i ,z), with i = {1, 2, 3}, is the annihilation operator associated with mode i of the triplet, andâ p (ω p ,z) is the annihilation operator associated with the pump field.
is the phase mismatch between the pump field and the triple-photon fields. The nonlinear equations of motion of the triple-photon modes 1, 2, and 3 are given by
The evolution equations of the different modes can be deduced from expression (2) and simplified using the two following approximations. First, the pump is assumed to be strong and undepleted, which enables us to consider the pump as a classical field
where A p (ω) is the complex amplitude. Secondly, the spectral bandwidths ω 1,2,3 of the down-converted fields are considered as much broader than the bandwidth ω p of the pump field, which can then be assumed to be a monochromatic field oscillating at the circular frequency ω p . The pump field expression then reduces to [10] 
where
The evolution equations can then be written as
The integration over frequency, arbitrarily named ω t , covers the whole spectrum. Considering a weak nonlinear process [11] , i.e., | A p (ω p )| 1, which is consistent with the undepleted pump approximation, Eqs. (7)- (9) can be solved to the first order using the Baker-Hausdorff expansion, which leads toâ
Using solutions (10)- (12), it is straightforward to calculate the average outgoing photon spectral density in each mode, which is given by
where |ψ is the quantum state associated with the triplets. We have chosen to calculate all the physical data in the Heisenberg representation, where the operators depend on the space evolution contrary to the quantum states. |ψ is thus the quantum state of the triple photons at the entrance of the nonlinear medium. Expressions (10)-(12) allow us to calculate the physical quantities by expressing each mode operator as a function of the mode operators at the entrance of the nonlinear medium, which can then be projected easily on |ψ . Next are considered the cases of spontaneous and stimulated triple-photon generation.
B. Third-order parametric fluorescence
The spontaneous generation of triple photons corresponds to the third-order parametric fluorescence where a pump photon is annihilated giving birth to a triplet of photons, as shown in Fig. 1 .
In this case, the initial quantum state of the system is the vacuum for each of the three modes associated with the triplet. The state can be written as |ψ = |0 1 ,0 2 ,0 3 , where the subscripts stand for modes 1, 2, and 3 relative to the triple photons oscillating, respectively, at ω 1 , ω 2 , and ω 3 as indicated in Fig. 1 . For each mode j = {1,2,3}, the projection of the annihilation operator at L = 0 on the quantum state giveŝ a j (ω,0)|0 j = 0 over the whole spectrum. Equation (14) and expressions (10)- (12) lead to the following average photon numbers:
Even without any photons at the crystal entrance, triple photons in modes 1, 2, and 3 are generated due to the stimulation of the vacuum quantum fluctuations by the nonlinear process. The spectrum of the triplets can be very wide since the phase-matching condition k is fulfilled for a continuum of photon triplets oscillating at ω 1 , ω 2 , and ω 3 = ω p − ω 1 − ω 2 .
C. Stimulated triple-photon generation
In this section, we consider the particular case of stimulated triple-photon generation. Broadband Gaussian distributed fields at ω 2 and ω 3 are injected along with the pump field in the nonlinear crystal as has been done experimentally [6, 11] . This particular configuration has been implemented because of the very low efficiency of the nonlinear interaction that prevents the observation of the third-order parametric fluorescence [12] . Note that one of those two fields can also be the vacuum, which corresponds to a monoinjection case.
For each of the stimulating fields, the Gaussian spectrum is centered on ω 20 (ω 30 ) with a full width at 1/e given by ω 2 ( ω 3 ). The average photon number is
2 , where n i (ω i0 ) is the average photon number at the central frequency ω i0 , i = {2,3}. The corresponding fields are in coherent states whose amplitude spectral distributions are
2 +iθ , where θ is a phase factor, and the average photon number
We can also write α(ω) = √ n(ω), up to a phase factor, which is the notation used in the following. The quantum state of the system, which is a tensor product of the coherent states, can thus be written
It is assumed that the quantum state corresponding to photons in mode 1 is the vacuum state |0 . So, the projections corresponding to the three modes areâ 2, 3 (ω,L = 0)|ψ = n 2,3 (ω)|ψ andâ 1 (ω,L = 0)|ψ = 0. In the case of a singly stimulated scheme, using an injection at mode 2 or mode 3, one of the coherent states, α 3 (ω) or α 2 (ω), respectively, is also the vacuum. Then, according to Eq. (15), the number of photons of mode 1 oscillating at frequency ω is
The number of photons in modes 2 and 3 can be calculated in the same way, which gives
and
The first term in Eq. (17) is a "classical-like" term that can be calculated solving classically the coupled-wave equations [11] . The first terms of Eqs. (18) and (19) are also the classical-like terms, which consist of the injected terms in a low-gain regime. The second term in each of the expressions (17), (18), and (19), consists of the sum of a parametric fluorescence term as given by expression (15) and obtained by setting n 2 (ω) = n 3 (ω) = 0 at L = 0 and a due to stimulation term induced by the presence of photons at the crystal input. The classical-like terms are always preponderant in expressions (18) and (19) of the outgoing fields 2 and 3, since they are equivalent to the incoming fields in the low-gain approximation. For the noninjected field 1, the classical-like term becomes preponderant above a certain injection level. The minimum injection level to reach the classical-like regime, where the outgoing photon numbers are given by their classical-like terms, depends on the parametric gain. It is achieved, for example, when n 2 (ω) and n 3 (ω) 1 over their whole spectrum.
Note that in this classical-like regime, the number of photons generated in the noninjected mode 1 is different from those generated in modes 2 and 3. The average number of stimulating photons until which it is possible to satisfy the equality between the generated average photon numbers of the three fields, corresponds to the case where the second terms in Eqs. (17)- (19) are preponderant over the classical-like term in field 1. This is possible only if the injected photon number is not much larger than 1 at each frequency. It means that due-to-stimulation terms will not be much larger than fluorescence terms, hence the due-to-stimulation-generated photon number can be weaker than the due-to-fluorescence one. In that case, talking about a "stimulated regime" would be a misuse of language because of the uselessness of stimulation. Note also that, even in this regime, the expressions of the outgoing fields 2 and 3 are still approximated to the incoming fields, which conforms to the low-gain approximation.
III. PHOTON RECOMBINATION
A. Introduction
In order to give prominence to the nonclassical behavior of the three photons of the triplets, we consider protocols based on the recombination of the generated triple photons in a nonlinear crystal using sum-frequency generation interactions, as had been done in the case of twin photons [7] . This pioneering work showed that the spectrum of the output sum field consists of a clear signature of the nonclassical behavior of the twins. In the case of triple photons, it is possible to consider the recombination of the three photons by using thirdorder sumfrequency generation (TOSFG) giving birth to an optical field oscillating at = ω 1 + ω 2 + ω 3 , and three other scenarios based on pair recombinations through secondorder sumfrequency generation (SOSFG), where fields at ω A = ω 1 + ω 2 , ω B = ω 1 + ω 3 , or ω C = ω 2 + ω 3 are generated. The following sections give a quantum-theoretical description of the different recombination configurations, consisting in the calculation of the output modes associated with the fields oscillating at and at ω A,B,C in the approximation of weak interactions, the recombined fields raising from spontaneous or stimulated triple-photon generation as described in Sec. II.
B. Three-photon recombination
Mode operators
TOSFG is the reverse process of TPG. It is then performed in a phase-matched χ (3) crystal. A weak conversion efficiency is considered so that the depletion of the incident triple fields can be neglected in the TOSFG crystal. Thenâ 1,2,3 (ω,z) = a 1,2,3 (ω,0) =â 1,2,3 (ω,L), whereâ 1,2,3 (ω,L) stands for the mode operators of the fields at the exit of the TPG crystal, noted thereafter asâ 1,2,3 (ω). The sum field at frequency = ω 1 + ω 2 + ω 3 is described by its mode operatorâ that evolves according to the nonlinear momentum describing the TOSFG given by Eq. (2), where the pump operatorâ † p (ω p ,z) of TPG is replaced by the creation operator of the TOSFG modeâ † ( ,z). The equation of motion of the generated mode is then expressed as
being the phase mismatch in the TOSFG crystal. In the weak-interaction approximation, the modeâ at the output of the TOSFG crystal of length L is given bŷ
It is possible to neglect the first termâ ( ,0) since only the nonlinear evolution of the generated field is considered. Note that given by Eq. (13) and describe two reverse processes, thus they are complex conjugates, except for the crystal length involved (respectively, L and L for the TPG and TOSFG crystal) and the classical-considered pump power A p , which is included in and not in .
The average TOSFG photon number spectral density is given by Eq. (14) replacingâ j (ω j ,L) byâ ( ,L ), whose expression is given by Eq. (21).
TOSFG from parametric fluorescence
The TOSFG mode operator, which is a function of the incoming triple-photon fields, is obtained by taking the triple fields mode operators at the exit of the TPG crystal, as given in Eqs. (10)- (12) . Then it becomeŝ
The product of expression (24) with
It is a quite long expression to be explicitly given here. Indeed, it is a sum of 36 terms, 18 of which having zero contribution after the projection of the quantum state |0 1 ,0 2 ,0 3 . The 18 remaining terms are nonzero. Sixteen of them have the following form:
where ω = δ i ={−1,0,1} δ α ω α + δ β ω β + δ γ ω γ + δ δ ω δ + δ p ω p + δ symbolizes a linear combination of the six possible frequencies, with a sum factor δ i ,i = {α,β,γ ,δ,p, }, being −1, 0, or 1. Another term is And finally, the last term is expressed as
Since the TOSFG recombination-born field is calculated in the weak efficiency or low-gain approximation, the two terms and are very small. It follows that the magnitude of expression (27) is much more important than those of expressions (25) and (26). n ( ,L ) can thus be reduced to Eq. (27), which represents an intense peak in the recombination-born field spectrum centered at the pump frequency.
This result puts into light the nonclassical behavior making the link between the photons coming from the same parent. Indeed, the intensity of the peak reveals the high-probability density for photons belonging to the same triplet to be recombined. It looks like, when summing over all the triple photons in the TOSFG crystal, each photon is more likely to recombine with the two photons issued from the same parents than with any two others. It is worth noting that recombinations leading to photons oscillating at the pump frequency ω p can also occur when summing photons that are not necessarily part of the same triplets. However, such events are as probable as any other three photons random recombination, which is described by the terms (25) and (26), forming a wide Gaussian spectrum background spreading over the convolution of the original triplet photons fields spectra.
TOSFG from stimulated TPG
As seen in Sec. II C, the stimulating photons are in coherent states whose spectral distributions α 2 (ω) and α 3 (ω) are Gaussian. The quantum state of the system is given by expression (16), where we assumed that the quantum state of mode 1 is the vacuum state. Note that in the case of a singly stimulated TPG, one of the coherent states α 2 (ω) or α 3 (ω) is also the vacuum.
The TOSFG mode operator is also given by Eq. (23). Its projection on the quantum state gives a sum over ten nonzero terms and as many for its complex conjugate. Thus, the expression of n ( ,L ) is much heavier than that in the non-stimulated case, due to many terms whose projections on the quantum vacuum state are not nil: it is expressed as a product of ten by ten terms, two of them being of particular interest. The first one is given for very low stimulation levels and it is the recombination peak term n III (ω,L ) given by Eq. (27), obtained for TOSFG in the case of the parametric fluorescence. The second term is obtained for very high stimulation levels and corresponds to the classical TOSFG term at this high stimulation level, when the fields can be approximated to their classical-like terms as discussed in Sec. II C. It is expressed as
At intermediate levels of injection, some other terms may be more important than these asymptotic terms. The signature of correlations between triple photons lies in the observation of a summed field spectrum different from what it would be when TOSFG is achieved with three classical fields. This signature is at least observed at very low seeding levels, when approaching the parametric fluorescence case, and at higher stimulation levels calculations have to be done. At very high stimulation levels, no signature is expected since the TOSFG field is equivalent to the classical summed field.
C. Two-photon recombination
Mode operators
For this purpose, the triple photons are combined by two through SOSFG in a phase-matched χ (2) crystal. The nonlinear momentum operator that describes the evolution of the SOSFG comes from the second-order nonlinear polarization. It is given by [8] 
The indices s,i denote two of the triple photons {1,2,3} with respective circular frequencies ω s and ω − ω s that are frequencies summed in the χ (2) crystal, generating a mode field described by the annihilation operatorâ ω . The evolution of this new mode is thus given by
nl (z)
Neglecting the depletion of the triple fields, i.e., by consid-
writtenâ s,i (ω) with {s,i} = {1,2,3} afterward, is the annihilation mode operator at the exit of the TPG crystal, the integration of Eq. (32) leads tô
The last term of Eq. (33) is the only one to be considered when dealing with the nonlinear evolution.
SOSFG of parametric fluorescence TPG
Here is considered the SOSFG of fields 1 and 2 obtained in the TPG process in the fluorescence case. The aim of this section is to calculate the average photon number of the summed field. Note that the sum frequency of fields 1 and 3 or 2 and 3 can be obtained by switching the indices 2 and 3 or 1 and 3, respectively, which leads to replacing in the
In the fluorescence case, the initial quantum state is the vacuum state for the three modes, i.e., |ψ = |0 1 ,0 2 ,0 3 . The average photon number is then obtained by replacing in Eq. (33) the annihilation operators of modes 1 and 2 given by their expressions (10) and (11) . We obtain
Like for TOSFG in the fluorescence case, the first term of expression (35) is preponderant in the weak-interaction approximation, which leads to
This expression is different from the SOSFG average photon number calculated classically, which reveals the nonclassical behavior of the two modes of the triplets when recombined nonlinearly in the χ (2) crystal.
SOSFG of doubly stimulated TPG
Considering the recombination of the noninjected field (field 1) with one of the two injected fields, field 2 for example, in the weak-interaction approximation, the corresponding average number of generated photons is given by
As discussed in Sec. III B 3, the signature of the nonclassical properties of the triple photons arises through SOSFG if the average photon number spectral distribution of the sumfrequency field is different from the classical counterpart. At very low injection level, i.e., when n 2,3 (ω) 1, Eq. (37) simplifies into the fluorescence-recombination term (36), which is different from the classical-recombination expression. It brings into light the nonclassical properties of the photons occupying modes 1 and 2 of the triplets that are recombined through a SOSFG process. The same properties would have arisen when summing modes 1 and 3. At very high injection levels, the preponderant term of Eq. (37) after further simplification is
which can be derived classically. This means that in the case of strong seeding, the nonclassical properties of the recombined photons will not be revealed by the measurement of the spectral distribution of the average photon number of the SOSFG field. This conclusion is the same as for strong seeding TOSFG, as derived in Sec. III B 3.
In the case of the recombination of the photons in the modes that are initially seeded in the TPG process, in the weakinteraction approximation, the average photon number of the summed field is the same as the one computed classically. This has to be imputed to the fact that the injected average photon number densities n 2 (ω,0) and n 3 (ω,0) are always preponderant in expressions (18) and (19). In this particular case the nonclassical behavior of the triple photons will not be revealed.
IV. APPLICATION TO TPG IN THE KTP CRYSTAL
This section is devoted to the numerical applications of the quantum analysis performed in the previous section. We consider the experiments reported in 2004 by Douady et al. [6] where TPG is achieved in a KTP crystal pumped along its x axis at λ p = 532 nm. The KTP crystal is oriented such that the cascaded second-order nonlinear processes [6] inherent to the χ (2) of the KTP crystal are minimized. In this particular orientation, the phase-matching condition is fulfilled when the wavelengths are such as
where the exponents y and z stand for the directions of polarization of the electric fields in the dielectric frame (x,y,z), and λ 1 = 1478 nm and λ 2 = λ 3 = 1662 nm.
A. Third-order parametric fluorescence
Generated fields
We first calculate the spectral distribution of the average photon number in each mode when KTP is pumped at 532 nm with the same optical intensities used in Ref. [6] . The KTP crystal is 10 mm long and the magnitude of its third-order nonlinear susceptibility is 10 −21 m 2 /V 2 . As the pump spectral linewidth is very narrow compared to the spectral distribution of the triplets, we suppose for the calculations that the pump is a monochromatic field. The spectral average photon number of the three fields generated by third-order parametric fluorescence, given by Eqs. (15) , are represented in Fig. 2 . As shown in Fig. 2(a) , fields 1 and 3 have the same spectrum, spreading from λ α 1 = 0.9 μm to λ α 3 = 4.4 μm. The cutoff at 0.9 μm is imposed by the phase-matching curve shown in Fig. 3 , while that at 4.4 μm corresponds to the infrared cutoff of KTP [13] . The spectrum of field 2 exhibits two maxima at the edges, i.e., at λ 2 = 1.6205 μm and λ 2 = 1.662 μm, which can be explained by considering the phase-matching curve of Fig. 3 , which gives λ 2 as a function of λ 1 and λ 3 when the KTP crystal is pumped at λ p = 532 nm along the x axis and the triplets generated according to relation (39). The particular wavelengths λ 2 and λ β 2 correspond to a noncritical spectral acceptance with respect to λ 1 and λ 3 , according to the horizontal tangents of the phase-matching curve, at points Note that the particular points 1 and 3 correspond to the same triplet for which wavelengths are given by λ 1 , λ 2 , and λ 3 . We also draw attention to the 
Recombination by TOSFG
Numerical TOSFG calculations are done by summing the fields given in Fig. 2 , following the process described in Sec. III B 2. As TOSFG is the inverse of TPG, the chosen crystal can be the same as the one used to perform the third -order parametric fluorescence, keeping the same orientation, i.e., the x axis, but with a smaller length, i.e., 0.1 mm, in order to maximize the spectral acceptances. For a monochromatic pump intensity of 25 GW/cm 2 at 532 nm, which corresponds FIG. 4 . Calculated spectrum of the TOSFG field obtained from the recombination of fields 1, 2, and 3 generated by parametric fluorescence.
to 5 × 10 13 photons per pulse with an energy of 15 μJ and a duration of 15 ps, the parametric gain coefficient is equal to 2 × 10 −25 s/m. The spectrum of the recombination-born field, given in Fig. 4 , is then composed of a pump-equivalent peak centered at 532 nm, given by Eq. (27), containing 6 × 10 −31 photons, and a broad background that is 10 −25 times lower than the peak, described by the terms (25) and (26). The shape of this spectrum is similar to the one obtained by recombining twin photons using sum-frequency generation [7, 8] . The integration of the broad background gives the total probability for three photons to recombine randomly not from the same triplet. It is 10 −22 times lower than the probability of recombination of photons issued from the same triplet. As discussed in Sec. III B 2, the triple photons recombine almost only from the same triplet, indicating a kind of "recognition" during the recombination TOSFG process, which has to be imputed to their quantum properties.
Recombination by SOSFG
As seen in Sec. IV A 1, fields 1 and 3 have the same polarization. There are thus two possible SOSFG schemes: λ
B , and λ
A that is equivalent to λ
A . The two possible recombination-born fields are expected to give the same information since the generated average photon number spectral distribution is given by the same equation (36) that does not depend on the recombined fields. Figure 5 represents the average photon number of the field obtained by recombining fields 1 and 3 in a 0.1-mm-long KNbO 3 crystal, cut in the direction (θ = 42
• , ϕ = 88 • ) enabling a phase matching at the considered wavelengths. The interaction length is taken to be very small in order to avoid any limitation due to the spectral acceptance. Figure 5 exhibits a shape with two strong contributions located on the edges of the spectrum, looking like the spectrum of the triplet field 2 shown in Fig. 2(b) . In fact, more generally, when two photons upon the triplet are recombined through a SOSFG process, the new born field is spectrally related to the third field that has never been interacting with the SOSFG medium. This can naively be understood by considering the energy conservation during TPG given by ω p = ω 1 + ω 2 + ω 3 . Since we considered the pump as a monochromatic field, we can write that the spectral extensions of three triple photons are related by δω 1 + δω 2 + δω 3 = 0. When considering, as for the TOSFG, that the photons recombine almost only from the same triplet, the sum of photons from fields 1 and 3 during the SOSFG process gives a photon at ω s = ω 1 + ω 3 having a spectral extension given by δω s = −δω 2 , so that the associated field has a spectral bandwidth related to those of field 2.
Like the three-photon recombination, the two-photon sumfrequency generation scheme clearly reveals the nonclassical properties of the triplets and the fact that they are born from the same parent, which is put into light by the preferential recombination of photons from the same triplet. Indeed, through the sum-frequency generation of fields 1 and 3, we bring into light the properties of field 2. This point is further emphasized by modifying the spectral distribution of field 2 during the TPG process. This can be simply done by reducing the length of the KTP-generating crystal, which increases the phase-matching spectral bandwidth, so that the two peaks on the edges become wider and turn indistinguishable for very short crystal lengths. As a consequence, the two peaks of the spectrum of the SOSFG from fields 1 and 3 observed in Fig. 5 follow this trend until they end up in a single peak.
Similarly, the generated sum -frequency field when fields 2 and 1, respectively 3, are recombined in a SOSFG process has the same spectral shape and width as the nonrecombined field 3, respectively 1.
Finally, the ability of the two-photon recombination protocol to show the nonclassical properties of triple photons can be put into light by comparing the spectrum obtained using a quantum analysis with that obtained classically. Figure 6 shows the spectrum of the sum-frequency generation of fields 1 and 3 calculated classically using the spectral distribution of fields 1 and 3 as generated during the parametric fluorescence process and represented in Fig. 2(a) . The result is obviously different from the spectrum depicted in Fig. 5 . fluorescentlike regime, in which the generated number of photons in the three fields are approximately the same. We consider a TPG in a 10-mm-long KTP crystal pumped by a monochromatic field at 532 nm. The KTP crystal is also excited by the fields in modes 2 and 3. We suppose that these stimulating pulses have spectral Gaussian distributions centered at λ
662 μm with a 10-nm FWHM bandwidth. Figure 7 shows the calculated normalized spectrum of field 1 for three different levels of stimulation quantified by the number of photons in modes 2 and 3: high stimulation, medium stimulation, and low stimulation. In the high-stimulation case, the classical-like regime prevails and the generated field 1 exhibits a spectral Gaussian distribution with a FWHM bandwidth of about 9.5 nm, close to that of the stimulating fields. The generation is equivalent to the classical third-order difference frequency generation [11] . Note that according to the phase-matching bandwidth of the TPG process, the bandwidth of field 1 increases as the crystal length is reduced. In the low-injection level, the spectrum of field 1 is equivalent to those obtained by parametric fluorescence as indicated by Figs. 7(c) and 2(a).
The medium injection level, Fig. 7(b) , is a mixing between the two previous regimes. Indeed, when 10 7 photons are seeded in each of the two modes 2 and 3, there exists a classical-like peak emerging out of the broadband fluorescence background and centered at the same wavelength as that of the spectrum in the high-stimulation level of Fig. 7(a) . Note that as the fluorescentlike background is much broader than the classicallike peak, the due-to-stimulation-generated photons contained in the peak are still negligible in comparison with the due-tofluorescence-generated ones contained in the background. At 7 × 10 7 photons per pulse in each of the fields 2 and 3, the fluorescentlike background turns indistinguishable since 50 times lower than the classical-like peak. The field 1 spectrum is thus totally equivalent to the one of high-level stimulation of Fig. 7(a) the peak is still 2.5 times lower than the number of photons contained in the background. Figure 8 shows the outcoming spectrum of fields 2 and 3, which is the same for any of the three stimulation levels since the parametric gain is weak in all three regimes.
Three-photon recombination
In this section we evaluate the TOSFG of fields 1, 2, and 3 in the 0.1-mm-long KTP crystal as they exit the first KTP-generation crystal, in the case of double stimulation described above. Following the quantum analysis described in Sec. III B 3, an approximation of the spectral distribution of the average photon number of the generated field can be given by the sum of Eqs. (27) and (28), which correspond, respectively, to weak and strong seeding cases. Figure 9 shows the normalized average TOSFG photon number as a function of the wavelength for different seeding levels: 2 × 10 7 , 6 × 10 7 , 12 × 10 7 , and 20 × 10 7 total photons in both fields 2 and 3. The narrow peak centered at 532 nm is due to the sum of photons generated by parametric fluorescence in the 10-mm-long KTP crystal, whereas the Gaussian background is either due to the random sum frequency of triplets that are not necessarily born from the same parent pump photon or due to sums involving seeding photons. The narrow peak is a clear signature of the nonclassical behavior of the triplets and cannot be retrieved using a classical analysis of the TPG process. Indeed, in the case where the three fields 1, 2, and 3 are independent, the TOSFG process would give only a Gaussian background. As the number of seeding photons increases, the large background gets more important with an evolution to the power 4 of the average number of the seeding photons. At about 20 × 10 7 seeding photons in the fields 2 and 3, the background starts to hide the narrow peak associated to the nonclassical properties of triple photons. Thus, in order to probe these nonclassical properties, the seeding must then be below the 20 × 10 7 level. Since this level being below the efficient stimulation regime as discussed in Sec. IV B 1, we can say that the correlation signature is hidden in the stimulated regime, strictly speaking.
V. CONCLUSION
In this paper, we have developed a theoretical quantum analysis of triplet photons generated by a third-order nonlinear phase-matched down-conversion process. In Sec. II, solving the equations of motion in the low-efficiency approximation led to explicit expression of the triplet-photon modes operators. Parametric fluorescence and stimulated parametric generation schemes have been considered. In Sec. III, triplet-photon sum-frequency interactions were studied following an original protocol suiting high field intensities. This protocol consists in investigating nonclassical signatures in sum-frequencygenerated fields. For that purpose, the field mode operators issued from sum-frequency interactions were calculated. Third-order and second-order sum frequencies are considered for triplet photons generated by parametric fluorescence and by stimulated parametric generation. Our calculations show that in the parametric fluorescence generation scheme, the quantum correlations of the triplet photons induce a strong signature in the spectrum of the sum-frequency-generated field, which is absent if classical fields are considered. However, in the stimulated case, the nonclassical signature of triplet photons depends on the optical intensity of the stimulating fields. These signatures are illustrated in Sec. IV dedicated to the demonstration of triple photon generation in a KTP crystal and recombination in KTP and KNbO 3 crystals. The summed-frequency-generated fields spectra in the parametric fluorescence generation scheme show a very preferential recombination of triplet photons together, leading to a three-photon summed field that is the exact copy of the pump spectrum, and to a two-photon summed field depending on the third nonsummed field, due to energy conservation of each triplet of photons. Nonclassical correlations between triple photons are put into light in this scheme. In the stimulated generation scheme (a bistimulated generation scheme in the Telecom wavelength was treated), the summed-frequency fields show a fluorescentlike behavior in a very low-injection regime, but a classical-like behavior as soon as injection is high enough to be perceptible in the noninjected generated field spectrum.
Thus, this application allows us to conclude that sum frequency of triple photons arising from parametric fluorescence reveals strong correlations between them. The present theoretical study should be useful for further experiments, in particular, using optical fibers as a nonlinear medium for the generation of triplets [14, 15] .
